Abstract. In this paper, we use the Taylor resolution of a monomial ideal I to compute the algebra T or
Introduction and statement of results
The moment-angle complexes have been studied by topologists for many years (cf. [19] [15] ). In 1990's Davis and Januszkiewicz [8] introduced toric manifolds theory which is studied intensively by algebraic geometers. They observed that every quasi-toric manifold is the quotient of a moment-angle complex by the free action of a real torus, here the moment-angle complex is denoted by Z K corresponding to an abstract simplicial complex K. The topology of Z K is complicated and getting more attentions by topologists lately (cf. [11] [14] [4] [18] [10] ). Recently a lot of work has been done on generalizing the moment-angle complex Z K = Z K (D 2 , S 1 ) to pairs of spaces (X, A) (cf. [2] , [3] , [12] , [16] ). In this paper we study the cohomology of the generalized moment-angle complexes Z K (X, A) corresponding to the pairs of spaces (X, A) with inclusions A i ֒→ X i being homotopic to constant for all i.
The homology algebra T or
(k(K), k) of the Stanley-Reisner face ring k(K) of the simplicial complex K is the cohomology of Z K (cf. [5] , [20] ). The usual way of computing this T or group is Hochster formula. But Hochster formula gives no information on the product of the algebra. The reason is that the usual Hochster formula is obtained from the tensor product of k(K) with the Koszul complex, which is the minimal resolution of k. But this chain complex still a module over k(K), the actual computation is quite complicated. In this paper, we use Taylor resolution (Definition 2.5) of the simplicial complement P (Definition 2.4) of K to get a DGA (Λ(P), d) that give a new proof of the Hochster formula and determines the algebra structure of T or
The advantage of the method is that the DGA algebra (Λ(P), d) is a vector space over k and the product of it directly determines the product of T or Based on the computation of T or algebras and the decomposition of ΣZ K (X, A) given by Bahri, Bendersky, Cohen and Gitler (cf. [2, 3] ), we proved in Theorem 3.7 the cohomology of the generalized moment-angle complex ΣZ K (X, A) which is related very much to the group T or
As applications, we also consider the cohomology of Z K P (X, A) for some special triples of CW -complexes (X, A) including all the X i are contractible; all the A i are contractible and (X, A) = (S 2 , S 1 ). Acknowledgements The authors are grateful to Z. Lü for his introduction of this topic. The authors are indebted to V. M. Buchstaber for his comments and suggestions, especially for the name of definition simplicial complement which is originally called partition. The authors also thank S. Gitler for his helpful suggestions. 
Two systems of generators P and Q are equivalent if they generate the same ideal of k[x], i.e., I P = I Q .
Definition 2.2 For a system of generators
is defined as follows. Let Λ(P) be the exterior algebra over k generated by P, i.e., it is an algebra with unit 1 generated by a 1 , · · · , a k with zero relations a i a i = 0 and a i a j = −a j a i for all i, j. Then algebra k[x]⊗Λ(P) (⊗ means the tensor product of algebras over k) has a DGA algebra over k[x] structure with differential d defined by da i = x ai for all 1 i k and the homological degree defined by |a i | = 1 for all 1 i m and |x
By definition, the generators a i1,··· ,is of T (P) satisfies the following properties.
Theorem 2.3 For a system of generators
Thus, (T (P), d) is a free resolution of the ring k[x]/I P as an algebra over k[x], i.e., the product map of T (P) is naturally a chain complex homomorphism (T (P)⊗T (P), d⊗d) → (T (P), d) such that the induced homology homomorphism is just the product map of the ring k[x]/I P .
Proof. We use induction on k, the number of monomials of P to prove that
Forget the DGA structure of (T (P), d) and the above formula makes (T (P), d) a chain complex of free modules over k[x] generated by 1 and a i1,··· ,is for all 1
If the system of generators has only 1 monomial, the conclusion is obvious. Suppose the conclusion holds for all system of generators with less than k (k>1) monomials. Then for
From the differential formula we obviously have that (T (P 1 ), d) is a chain subcomplex of (T (P), d) and the quotient chain complex is isomorphic to (ΣT (P 2 ), d) with P 2 ={a
where Σ means uplifting the degree by 1 and the isomorphism is defined by corresponding a i1,··· ,is,k in T (P)/T (P 1 ) to a ′ i1,··· ,is in ΣT (P 2 ). By the induction hypothesis,
So from the long exact sequence of homology groups
) is a free resolution of the ring k[x]/I P . By Künneth Theorem, (T (P)⊗T (P), d⊗d) is a free resolution of the ring k[x]/I P ⊗k[x]/I P . The DGA structure of (T (P), d) implies that the correspondence a⊗b → ab is a chain complex homomorphism (T (P)⊗T (P), d⊗d) → (T (P), d). So we need only prove that (T (P), d) is a well-defined DGA algebra over k [x] . This is in fact natural by the DGA algebra structure of (k[x]⊗Λ(P), d). Precisely, from the formula
we have that 
, there is a unique vector (a 1 , · · · , a i ) ∈ N m defined by that a i = 1 if i ∈ σ and a i = 0 if i ∈ σ. In this way, we still denote the vector (a 1 , · · · , a m ) by σ and regard 2
[m] as a subset of N m consisting of all those vectors with every coordinate either 0 or 1. For Definition 2.5 Let P = {σ 1 , · · · , σ k } be a simplicial complement on [m] of K. The DGA algebra (Λ(P), d) over k is defined as follows. Λ(P) is generated as an algebra by elements of the form σ i1 ∧ · · · ∧σ is (∧ is just a symbol but not a product!) satisfying the following properties.
where the omitted part remain unchanged.
where the sum is taken over all u such that
Theorem 2.6 Let P be a simplicial complement on [m] of K. There is a direct sum decomposition
where k denotes the trivial chain complex.
Proof. By Theorem 2.3, for any module
is naturally a DGA with product defined by that for all n 1 , n 2 ∈ N , (a i1,··· ,is ⊗n 1 )(a j1,··· ,jt ⊗n 2 ) = a i1,··· ,is,j1,··· ,jt ⊗x a n 1 n 2 ,
) and the DGA structure of (Λ(P), d) is induced from the product of k. Thus, the direct sum decomposition exists and the isomorphism is an algebra isomorphism. The direct proof that
is too long and we will
give it in a proceeding paper.
Example 2.7 Compute the algebra T or
where K is as shown in Figure 1 . K c = {{1, 5}, {2, 4}, {1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 3, 5}, {1, 4, 5}, {2, 3, 4}, {2, 4, 5}, {3, 4, 5}}. So we may take P = {σ 1 = {1, 5}, σ 2 = {2, 4}, σ 3 = {1, 2, 3}, σ 4 = {3, 4, 5}} to be the simplicial complement of K.
We directly compute the chain complex (Λ(P), d). By definition, all the non-trivial differentials are
Thus the T or
Thus, T or
is a free k-module with Poincarè series 1+4x+5x 2 +2x 3 . The algebraic structure of T or
is very easy by the product of Λ(P). The only non-trivial product is σ 1 σ 2 = σ 1 ∧σ 2 .
This example shows the advantage of the chain complex (Λ(P), d). Usually, the computation of T or * (k(K), k) is by Hochster formula, since the Koszul complex tensor with k(K) is still a module over k(K) and the direct computation the complex is formidable. But in this example, we may directly compute the DGA algebra (Λ(P), d) without using Hochster formula.
, the ω-compression of P is defined by
For an arbitrary simplex ω ∈ K, define its link and star to be the subcomplexes
Theorem 2.9 Let P be a simplicial complement of the simplicial complex K. Then for any ω ⊂ [m], E ω P is the simplicial complement of the simplicial complex star K ω. Thus for any σ ∈ star K ω and i > 0,
and
Proof. We may suppose P = {K c }, the set of non-faces of K (in any order). Then
So by Theorem 2.6 and Hochster formula
The cohomology of generalized moment-angle complexes
In this section we consider the cohomology module of the generalized moment-angle complex. Recall from [2] [3],
is a pointed CW-subcomplex of (X i , x i )) and K be an abstract simplicial complex. The generalized moment-angle complex determined by (X, A) and K denoted by
Then the generalized moment-angle complex is
Let Y 1 ∧Y 2 ∧ · · · ∧Y m be the smash product given by the quotient space
where S(Y 1 ×Y 2 × · · · ×Y m ) is the subspace of the product with at least one coordinate given by the base-point x i ∈ Y i . The generalized smash moment-angle complex is defined to be the image of
Given a non-empty subset
and a family of pointed pairs (X, A),
which is the subfamily of (X, A) determined by I. It is known from [2, 3] that
is a natural pointed homotopy equivalence. Precisely, let ω ⊂ I and
Associated to a simplicial complex K, there is a partial ordered set (poset) K with point σ in K corresponding to a simplex σ ∈ K and order given by reverse inclusion of simplices. Thus σ 1 σ 2 in K if and only if σ 2 ⊆ σ 1 in K. Given an ω ∈ K there are further posets given by K <ω ={τ ∈ K|τ < ω} = {τ ∈ K|ω τ } and
Given a poset P , the order complex ∆(P ) is the simplicial complex with vertices given by set of points of P and k-simplices given by ordered (k + 1)- The total Betti number of Z K (S 2 , S 1 ) is 216.
